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This paper examines multiscale inverse analysis of rapid and localized energy deposition, where there exists
extremely strong filtering of spatial and temporal structure within the associated diffusion pattern. This
strong filtering tends to establish conditions where system identification, or in particular reconstruction of
detailed features of the energy source, based on data-driven inverse analysis of the diffusion pattern alone is
not well posed. An accurate and well-posed characterization of rapid energy deposition processes should be
in terms of two distinctly separate scales for both spatial and temporal structures. Accordingly, the inverse
rapid and localized energy deposition problem requires a formulation with respect to system identification
and parameterization that should be cast in terms of two separate sets of parameters. One should represent
energy source characteristics on spatial and temporal scales commensurate with that of thermal diffusivity
within the material. The other parameter set should represent energy source characteristics on spatial and
temporal scales commensurate with those of surface phenomena. The general procedure presented here for
inverse analysis of rapid and localized energy deposition is formulated in terms of these two separate sets of

parameters.
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1. Introduction

The issues examined here concern inverse analysis of
energy deposition in metals under conditions of extremely rapid
relative motion and spatial localization of the energy source
with respect to surfaces of structures, with potential applica-
tions to the analysis of systems characterized by sliding
surfaces that are in contact. That is to say, applications having
deposition speeds that are comparable to and in excess of those
of deep penetration welding processes and yet have highly
localized coupling of energy at surfaces. The inverse energy
deposition problem represents a particular subclass of the more
general inverse heat conduction problem (Ref 1-4), where
certain characteristic trend features that are associated with the
diffusion pattern dominate (Ref 5, 6). For energy deposition
processes where the rates of deposition and of surface coupling
of energy are moderate, such as in welding processes, inverse
analysis has been successfully applied for system identification
and parameterization. In the case of very rapid and spatially
localized energy deposition, however, there exists extremely
strong filtering of spatial and temporal structure within the
associated diffusion pattern. This strong filtering tends to
establish conditions where system identification, or in particular
reconstruction of detailed features of the energy source, based
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on data-driven inverse analysis of spatial and temporal structure
within the temperature field diffusion pattern is not well posed.
Accordingly, the inherent nature of rapid and localized heat
deposition requires that the interpretation of sensor data be
based on multiscale paradigms, which are in terms of both time
and space.

This goal is achieved in this study, by the formulation of a
general approach for multiscale inverse analysis of rapid and
localized energy deposition, where there exists extremely
strong filtering of spatial and temporal structure within the
associated diffusion pattern. Methods of inverse analysis
(Ref 7, 8), in contrast to analysis methods based on the
direct-problem approach (i.e., methods that are model-driven
only), are characterized by many properties that follow directly
from the fact that inverse methods are data driven as well as
model driven. Among these properties is that relatively
complex and highly nonlinear systems can be represented
accurately by means of model representations characterized by
small numbers of parameters. In many cases, the errors that are
introduced by approximations underlying an inverse model,
and its relatively minimal parameterization, are in fact com-
pensated for by the characteristics of the data space. In that the
data space determines those models within model space that are
potentially applicable for inverse analysis, it remains an open
question as to what should be the potential composition of the
data space for very rapid and highly localized energy deposi-
tion, i.e., what measurements are possible and accordingly of
significance for system identification.

In this work, a statement of the specific multiscale inverse
problem to be considered is presented, as well as a general
approach for multiscale inverse analysis of rapid and localized
energy deposition. The multiscale nature of rapid and localized
energy deposition follows from a natural partitioning of scale
regimes that results from the filtering properties of the heat
conduction kernel. Physical assumptions and mathematical
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approximations underlying this analysis are elucidated. A
description is then presented of prototype data that is adopted
for inverse analysis and of the numerical model that is used for
its generation. Subsequently, prototype inverse analyses are
applied to prototype data for the purpose of examining the
general posedness of this approach.

2. Statement of Inverse Problem

The inverse problem concerning analysis of physical
processes, in general (Ref 9), and the inverse heat transfer
problem, in particular (Ref 10), may be stated formally in terms
of source functions (or input quantities) and multidimensional
fields (output quantities). Considered here, however, is a
restricted class of inverse heat transfer problems. This restricted
class is that of the inverse analysis of heat deposition processes
where the rate of deposition is extremely rapid, and the
quantities are those that characterize the source function g(x, y,
z, t) in terms of its volumetric spatial and temporal character-
istics, either locally or at accessible locations on the boundary
of a workpiece structure. The data space for analysis of this
system will in general consist of (a) measurements of the
temperature 7(x, ), z, t) at different locations and times on the
boundary surfaces of the spatial region of interest, e.g.,
thermocouple measurements, (b) the location of the central
point of the source function g(x, y, z, #) within the volume of the
region of interest, e.g., post-mortem melting or solid-state
transformation profiles on the metal surface, (c) information
concerning the spatial and temporal characteristics of the source
function ¢(x, y, z, £), and (d) information concerning the thermal
diffusivity of the material making up the structure. Information
concerning the spatial and temporal characteristics of ¢(x, y, z, ?)
would include the shapes of solidification boundaries resulting
from localized melting. Information concerning the thermal
diffusivity of the material would be the average diffusivity for a
range of temperatures. The precise mathematical statement of
the inverse problem considered here, and the general method-
ology for its solution (Ref 6, 11), are defined according to the
fact that in general a heat conductive system occupying an
open-bounded domain Q with an outer boundary I', and an
inner boundary I'; involves the parabolic equation

T3
% = V- (k& )VT(E, 1) in Qx (0,4), (Eq 1a)
with initial condition

T(x,0) = To(%) in Q, (Eq 1b)

and heat flux exchanges through the outer and inner bound-
aries I'y and TI'; as follows:

—x(&, t)%):t) =c(x,8)(T(x,2) — Ty(x,1)) on Ty x (0,%),
(Eq 1¢)
—x(x, t)%fcr’t) =gq(x,¢) onT; x (0,¢). (Eq 1d)

Here X = (x,y,z) is the position vector, nr, and nr, are the
normal vectors onto boundaries ', and I';, respectively, 7 is
the time variable, #; is the final time, T'(%,¢) = T(x,y,z,1) is the
temperature field variable, x(X,7) =x(x,y,z,¢) is the heat
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conductivity field variable, c(X,1) = c(x,y,z,¢) and T,(%,¢) =
Ta(x,v,z,t) are specified functions, and ¢(x, ) = g(x,y,z,t) is
the heat flux on the inner boundary I';. Determination of
the temperature field via solution of Eq 1(a-d) constitutes the
so-called forward or direct initial-boundary value problem. The
interest here, however, is focused on a specific formulation of
the inverse problem. This formulation entails essentially
reconstruction of the heat flux field ¢(x, y, z, #) on the inner
boundary I';, and the resulting temperature field 7(x, y, z, ) for
all time ¢ € [0, #] when T is totally or partially inaccessible. In
order to reconstruct the heat flux, some extra information
concerning the temperature 7(x, y, z, ¢) is needed (i.e., known
values experimentally acquired).

At this stage, it is illuminating to comment on general
conditions for which the inverse heat transfer problem is well
posed. First, as is well known, the inverse heat transfer problem
as defined such that one seeks information concerning the
source function from measurements of the temperature field is
not well posed for all conditions. The inverse heat deposition
problem, however, as defined according to Eq 1(a) to (d), is
well posed for a wide range of conditions, especially those
typical of most practical applications such as welding and heat
treatment. As demonstrated previously (Ref 12), as a conse-
quence of filtering properties, the inverse heat deposition
problem under conditions of rapid deposition is not well posed
unless it is defined with respect to two separate scales for space
and time. That is to say, the inverse rapid heat deposition
problem is well posed as defined according to Eq 1(a) to (d)
with respect to multiple scales, i.e., separate space and time
scales for the two different regions specified by their proximity
to the boundaries I', and I';. The requirement that the inverse
rapid heat deposition problem be defined with respect to
multiple scales was investigated rigorously in Ref 12. Accord-
ingly, it was shown that the inherent filter properties of heat
diffusion in metals establish that any parameterization of
temperature field histories within a workpiece subject to such
processes is in general insensitive to characteristics of the
process occurring at the surface, i.e., the nature of the energy
coupling at the surface of the structure. Data-driven inverse
analysis of such processes, therefore, requires two separate data
spaces. One of these consisting of data concerning the time-
dependent temperature field within the volume of the structure,
and the other consisting of data concerning the spatial and
temporal distribution of energy at the surface, as well as,
material properties of the surface (or interface) that characterize
its response on relatively small space and time scales with
respect to those of heat diffusion in metals. This is necessary
because constraints are required on the local temporal and
spatial characteristics of the energy coupling at the surface
where heat deposition occurs. For application of data-driven
inverse analysis to these systems, it is not the nature of the
coupling between different scales that is relevant, but rather the
nature of their separability for independent parameterization.
This is in contrast to analysis based on direct modeling, where
representation of the coupling between different scales is
typically required and may result in a system whose parame-
terization is ill conditioned due to sensitivity issues.

At this stage, the statement of the inverse heat deposition
problem as given above can be generalized to provide for the
construction of a multiscale parametric representation of rapid
and localized energy deposition. This generalization is repre-
sented schematically in Fig. 1 where regions of interest for
determination of the temperature field are separated according
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Fig. 1 Schematic representation of different regions of interest for
determination of the temperature field that are separated according to
the characteristic length and time scales for localized energy cou-
pling and bulk diffusion

to the characteristic length and time scales for energy coupling
at the surface and diffusion into the bulk of the system.

3. Inverse-Problem Methodology

The general inverse-problem methodology presented here is
defined by the following system of equations. The time-
dependent temperature field within the volume of a planar
structure of finite cross section /x @, upon which energy is
deposited, is given by

Ne Ny

T(%)’,Z,t) = TA+ZZT/€(5C’)AC/€:HA1‘) (Eq 2)
k=1 n=1

and

T(x, 6, %) = Ty, (Eq 3)

where the quantity 7, is the ambient temperature of the struc-
ture and the locations X{ and temperature values 7, specify

constraint conditions on the temperature field. The basis func-
tions Ty (%, X, nAt) are given by

Tk()AC,)ACk, nAt)
A _ 2
_ C(xkaylﬂzkv n l) ex |: (x Xk) :|

Vit 4x(nAt)
{1 +2 Ze [ 7Km r (nAt)} cos {?} cos [mzyk} }
X { 142 i exp [_Kmnliz(nm)} cos [anZ] cos [m7lrzk] },

(Eq 4)

which are solutions to the heat conduction equation for a pla-
nar structure of cross section / x a and constant diffusivity .
The index k is for denumeration of discrete energy “depos-
its” at specified locations and times at the surface of the pla-
nar structure. The coefficient C(xy, yy, zx, ) is proportional to
the energy of a given discrete deposit and is defined by

Ny

C(xk, Yk, 2k, 1) = ZC(Xk7yk7Zk)5(t — 1),

k=1

(Eq5)
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Fig. 2 Schematic representation of general algorithm structure
underlying inverse-problem methodology

where 3(7) is the Dirac delta function representing the instan-
taneous deposition at locations (x; yy, zj) at times ¢ = #,. The
speed of energy deposition, which can be a function of posi-
tion on the surface of the structure, is given by

X — Xk—1

Vi = (Eq 6)

e —ti1

The formal procedure underlying the inverse method
considered here entails the adjustment of the parameters c(xy,

Vi zx) and ¢t defined over the entire spatial region of the surface

of the structure. This approach defines an optimization
procedure where the temperature field spanning the spatial
region of the sample volume is adopted as the quantity to be
optimized. The constraint conditions are imposed on the
temperature field spanning the bounded spatial domain of the
structure by minimization of the value of the objective
functions defined by

N
Zr =Y wa(T (85, 5,%) = T3)°,
n=1

where 7, is the target temperature for position X, =
(5,05, 25).

The inverse-problem methodology defined by Eqs 2 to 7 is
applied with respect to two different space and time scales. The
general procedure for multiscale application of this methodol-
ogy is defined according to the concepts and properties
presented in the following section.

(Eq7)

4. Concepts Underlying Inverse-Problem
Methodology

The following concepts concerning the inverse-problem
methodology presented here, for the analysis of processes
involving rapid and localized energy deposition, are important
for the understanding and application of inverse analysis to
these types of processes. These concepts can be discussed with
reference to Fig. 2, which provides a schematic representation
of the general approach underlying the inverse-problem
methodology.

(1) The temporal characteristics of the coefficients C(xy, vy,
zy, 1) defined by Eq 5 are uncorrelated with those the
temperature field 7(x, y, z, f) spanning the region within
the boundaries I', and T';. In fact, with respect to bound-
ary I',, the “coupling mechanism” for small length and
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time scale diffusion of energy (see Fig. 1) within the
region bounded by I', and the surface of the structure
represent the unknown to be determined by inverse anal-
ysis. Accordingly, information concerning the coupling
of energy at the surface represents the “output” of the
model system.

(2) The spatial characteristics of the coefficients C(xx, yi, zx,
f) defined by Eq 5, i.e., the spatial distribution of the
discrete-deposit strengths c(x;, yi, z;) (see Eq 5), are
strongly correlated with of those the temperature field
T(x, y, z, t) spanning the region within the boundaries
Iy, and T

(3) Inverse analysis requires a data space consisting of
information concerning C(xy, Vi, zi, 1), I'o and T as a
function of time for both the period of energy deposition
and of diffusion within the structure (see Fig. 1). That is
to say, information concerning these quantities repre-
sents the “input” to the model system.

(4) The naive procedure for application of the methodology
defined by Eq2 to 7 for multiscale inverse analysis
implies a computational cost that is of order N, x N per
discrete time step A, where N, is the number of dis-
crete spatial elements making up the model system, N
is the number of discrete sources, and Az, is a time step
that is commensurate with the characteristic time scale
of rapid energy deposition at the surface. The multiscale
character of rapid energy deposition, as well as the gen-
eral approach defined by Eq 2 to 7, which is in terms of
a basis function representation of the temperature field,
provides for a range of different procedures for reduc-
tion of computational cost and improved convenience
for parameter optimization.

(5) Computational cost can be reduced by calculating the
temperature field only over localized regions or at a
finite set of positions within the structure, which would
correspond to localized sampling of the temperature field
for objective function minimization with respect to the
available data space. This is represented schematically
in Fig. 2.

(6) Computational cost can be reduced owing to the fact
that energy deposition at the surface, represented by a
discrete surface distribution of sources, can be associ-
ated with separate space and time scales. Accordingly,
after the time period for completion of energy deposi-
tion, the time evolution for coupling of energy at the
surface into the volume of the structure can be modeled
on the timescale of energy diffusion within the bulk
material comprising the structure. That is to say, after
the period of rapid energy deposition Az, during which
highly localized energy coupling occurs, system evolu-
tion can be modeled using a time step Ag, which is
commensurate with the characteristic time scale of heat
diffusion in the bulk material.

(7) Computational cost can be reduced by replacing portions
of the discrete surface distribution of sources, at dis-
tances sufficiently far from the regions of the calculated
temperature field, with ‘“equivalent far-field distribu-
tions” of sources. The applicability of this procedure
follows from the general nonuniqueness of local-to-far-
field mappings.

(8) The multiscale characteristics of rapid energy deposition
are such that the temperature field to be simulated
assumes the general parameterization 7'(X, cy(%n), cr(X¢),
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Atg, Aty), where cy(X,) and cf(xr) are near and far-field
discrete source distributions, respectively, and Az, and
At are quantities that are commensurate with the charac-
teristic time scales of rapid energy deposition and bulk-
material heat diffusion, respectively.

In what follows the concepts listed above are examined
within the context prototype analyses of heat transfer occurring
within structures upon whose surfaces energy is deposited both
rapidly and locally.

5. Numerical Simulation and Prototype Analyses

Presented first in this section is a description of the
numerical simulation adopted for generation of synthetic
measurements for the purpose of constructing a prototype
inverse analysis of a rapid energy deposition processes. The
prototype system to be simulated is that of time-dependent
rapid energy deposition at the surface of a structure of finite
cross section along a linear path. The prototype measurements
are the calculated temperature histories at different locations
spanning a cross-sectional plane within the structure with
respect to the distribution of sites of energy deposition on the
surface of the structure. The model parameters for the prototype
system are given in Table 1. The relative positioning of the
source elements at the surface of the structure is described in
Fig. 3.

For purposes of this analysis, it is assumed that the speed of
energy deposition is 100 m/s and that the spatial distribution of
energy deposition is uniform and observed experimentally.
These conditions imply that the discrete distribution of sources
is associated with a time period Az for energy coupling of the
entire distribution into the volume of the structure that is
approximately 7.5 x 10~*s. Accordingly, a reasonable time
step Az, for simulation of bulk diffusion is Az = 1.0 x 10~ s
(Table 1). The strength of each discrete source, however, is to
be adjusted with respect to additional experimental data, an
example of which is given by the calculated temperature fields

Table 1 Model parameters used to determine thermal
fields in rapid energy deposition process

Model parameters

Material: steel

Diffusivity: k = 1.5 x 107> m%/s

Time step: Az =1.0 x 107 s

Volume element: (Al)>, where Al = 0.2 mm

Cross section of structure: 50 Al x 400 A/

Discrete source values: C(i;, ¢ — #;) = 80.0 °C m

Discrete source distribution: 15 x 7 elements upstream and 15 x 7
elements downstream of sampling plane (relative positions in Fig. 3)

25Al1 25A1
l—

Transverse Cross Section of Structure 50A7

A 400A1

Fig. 3 Relative positions of source elements within discrete source
distribution at surface of structure
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Fig. 4 Evolution of temperature field (°C) at sampling plane during time period immediately following completion of energy deposition.
Dashed and dotted lines indicate location of symmetry plane and surface of energy deposition, respectively

shown in Fig. 4 to 6, where it is assumed that the ambient
temperature 7, = 25 °C. Various aspects of the temperature
fields shown in these figures that are relevant for multiscale
inverse analysis of rapid energy deposition are as follows.
Shown in Fig. 4 to 6 is the time dependence of the two-
dimensional temperature field over the cross section of the
sampling plane (as defined by Fig. 2). The time-dependent
temperature field shown in Fig. 4 is for the time period
immediately following completion of energy deposition at the
surface. Referring to this figure, it is noted that the discrete
character of the source distribution is readily observable. It
should be noted at this point, however, that the detailed spatial
character of this distribution is not important, since the purpose
of this source distribution is the generation of a surface I'; (see
Fig. 1), which can be correlated with experimental data such as
phase changes. Accordingly, only the total amount of energy
that is coupled into the bulk volume of the material, which
manifests as the experimentally observed I, is of significance.
Given that the prototype material assumed for this analysis is
steel, it follows that the solidus temperature is close to 1500 °C.
Referring to Fig. 4, it is observed that at 0.4 s temperature
values corresponding to a solidification boundary are readily
observable and that any detailed spatial structure associated
with the discrete nature of the source distribution has been
filtered (see Ref 12 for further discussion). For the purposes of
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this analysis, it is assumed that the solidification boundary at
approximately 1500 °C represents the experimentally observed
T'; to be adopted as a constraint on the calculated temperature
field.

The time-dependent temperature field shown in Fig. 5 is for
the time period following maximum heating of the sampling
plane at 0.5 s and its subsequent cooling. For this analysis, the
solidification boundary at the temperature 1500 °C, which is
assumed to be observed experimentally, is adopted as the
constraint condition for adjustment of discrete source distribu-
tion ¢ (X, Vi, zx) (defined in Eq 5) and thus specification of the
inner boundary I';.

The time-dependent temperature field shown in Fig. 6 is for
the time period corresponding to onset of far-field influences on
the temperature field at the sampling plane. These influences
would include the shape of the outer boundary surface T,
which would typically correspond to the physical boundary of
the structure, and the far-field source distribution (see Fig. 2),
which would result in an overall increase in temperature of the
system. For the purposes of this analysis, it is assumed that
temperature measurements at the physical boundary of the
system, e.g., thermocouple measurements, would represent
specification of the outer boundary I',, and thus a constraint
condition for adjustment of source element values associated
with the far-field source distribution. It is significant to note that
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Fig. 5 Evolution of temperature field (°C) at sampling plane during time period corresponding to adjustment of temperature field, i.e., adjust-
ment of discrete distribution ¢ (x;, yi, zx), according to experimentally observed data. Dashed and dotted lines indicate location of symmetry

plane and surface of energy deposition, respectively

although the far-field source distribution would represent input
information to the model system, it is not necessary to consider
any details of its spatial structure owing to the inherent spatial
filtering of far-field diffusion patterns. Accordingly, the far-field
source distribution can be represented by means of a discrete
linear source distribution such as that represented schematically
in Fig. 2.

At this stage, it is instructive to review the essential aspects
of the simulation described above that are relevant for
multiscale inverse analysis of rapid energy deposition. First,
it is noted that the procedure presented here provides for the
determination of the spatial characteristics of the time-
dependent diffusion pattern of energy that is coupled into the
volume of a structure. Given this information, which is the
result of data-driven inverse analysis, the goal is the determi-
nation of the time-dependent coupling between the rapid energy
deposition process, which is assumed known, and the surface of
the structure on the timescale of energy deposition. Second,
given the time-dependent diffusion pattern of energy that is
coupled into the volume of a structure, one is able to deduce the
function Qs(%s, Afs), which is the surface distribution of energy
immediately after completion of the deposition process. Third,
given knowledge of rapid energy deposition process that is
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independent of its coupling to the surface of the structure, one
is able to deduce the function Qrap(Xs, ), for t < At;, which is
the time-dependent spatial distribution of energy as it occurs in
free space. It is significant to note that the function QOyqp(Xs, ¢)
associated with a given rapid energy deposition process can be
deduced, in principle, from data obtained from both laboratory
measurements and numerical simulations based on physical
models. Finally, given the functions Os(%s, Aty) and Qrap(Xs, 1),
one is able to define a coefficient y(%;,¢) for the fraction of
energy deposited at the surface that couples into the structure
by the expression

~ _ QS()ACS7 Ats)
’Y(xs’ l) B Qrpd(ffsv t) ’

where ¢ < At,. It is significant to note that Eq 8 defines a pro-
cedure for determining the coefficient of energy coupling, in
general, for processes where there does not exist a correlation
between the local spatial-temporal structure of the volumetri-
cally coupled energy source and the bulk diffusion pattern. In
particular, the procedure defined by Eq 8 is independent of
the size of Af, i.e., the time scale for the total period of
energy deposition. This general property establishes its appli-
cability to the inverse analysis of rapid energy deposition.

(Eq 8)
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Fig. 6 Evolution of temperature field (°C) at sampling plane during time period corresponding to onset of far-field influences. Dashed and dot-
ted lines indicate location of symmetry plane and surface of energy deposition, respectively

The purpose of the simulation given above is to demonstrate
that the inherent filter properties of rapid energy deposition do
not permit correlation between source structure and bulk energy
diffusion. The general characteristics of source structure that do
not correlate with bulk diffusion structure, however, are
“independent” of the rate of energy deposition, but dependent
on the coupling characteristics of the source relative to the
speed of deposition. Accordingly, application of Eq 8 for
inverse analysis of processes where there is rapid energy
deposition can be demonstrated by consideration of a process
where the rate of energy deposition is not excessively rapid
relative to the time scale of bulk diffusion, but sufficiently rapid
that there is weak coupling between the energy source and
surface of structure. That is to say, the long-time-scale
equivalent of rapid energy deposition is energy deposition
characterized by relatively weak and localized coupling
between source and structure. A prototype inverse analysis of
such a system according to Eq 8 is now considered.

Shown in Fig. 7 is the cross section of a steel plate (21-6-9
stainless steel) of thickness 3.05 mm upon whose surface
energy has been deposited by a laser beam (Diode-Pumped
Continuous Wave (CW) Nd:YAG laser). The process param-
eters for the laser beam have been adjusted such that there is
relatively weak coupling between the beam and plate surface.
For this system, the model parameter values assumed are
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Fig. 7 Melt pool and heat-affected zone (HAZ) resulting from
energy deposition from laser beam on steel plate. Beam power and
welding speed are 500 W and 1.905 cm/s, respectively

K =5x10"° m?%s and Ty = 1500 °C, which is approximately
the solidus temperature for steel in general. The power and
travel speed of the laser beam are 500 W and 1.905 mm/s,
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Fig. 8 Longitudinal slice of three-dimensional temperature field at midplane of melt-bead path, i.e., along zx-plane at y = 0

Table 2 Temperature field constraint conditions
at positions (y., zc) on transverse cross section
at solidification boundary

Ve, M Ze, MM
0.6875 0.0
0.5 0.125
0.25 0.313
0.375 0.5
0.125 0.813
0.0 1.0

respectively. Accordingly, Orqp(%s,?) defined in Eq 8 has a
constant value of 262.5 mm/s. The constraints on the calculated
temperature field defined according to Eq 3 are given in
Table 2.

Shown in Fig. 8 is a two-dimensional slice of the three-
dimensional temperature field calculated according to the
procedure defined by Eq 2 through 7. This temperature field
determines Qrqp (X5, ). That is to say, the volume integral of this
temperature field, weighted by the temperature-dependent
density and volume-specific heat capacity, represents a spec-
ification of the function Qy(%s, Afy). It is significant to note that
the exact form of this weighting still remains an issue to be
addressed in that the localized structure of volumetric coupling
of the energy source at the surface is assumed not known
exactly. Reasonable estimates of Qs(%s, Afs), however, based on
volumetric averages are certainly well defined for providing
good quantitative estimates of y(is, ). Further analysis con-
cerning procedures for the construction of Qs(Xs, Af) is
required.

6. Conclusion

A general approach has been presented for multiscale
inverse analysis of rapid and localized energy deposition where
the characteristic time and space scales for energy deposition at
the surface of a structure are significantly smaller than those for
energy diffusion into its bulk volume. A characterization of the
nature of the coupling between these different scales is
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achieved, in principle, by means of the determination of a
coefficient y(Xs,#) that represents the fraction of energy
deposited at the surface that couples into the volume of the
structure.
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